Abstract-In this paper, a numerical solution based on sinc functions is used for finding the solution of boundary value problems which arise from the problems of calculus of variations. This approximation reduce the problems to an explicit system of algebraic equations. Some numerical examples are also given to illustrate the accuracy and applicability of the presented method.
of the Walsh functions, the solution obtained was piecewise constant. Some orthogonal polynomials are applied on variational problems to find the continuous solutions for these problems [4] [5] [6] . A simple algorithm for solving variational problems via Bernstein orthonormal polynomials of degree six is proposed by Dixit et al. [7] . Razzaghi et al. [8] applied a direct method for solving variational problems using Legendre wavelets. Chebyshev finite difference method has been employed for solving some problems in calculus of variations in [9] .
In this paper, we solve variational problems using sincGalerkin method. First, in Section 2, we will give some preliminary definitions and theorems in [10, 11] that are employed to derive the formulations and analysis of the sincGalerkin method in Section 3. Also in this section, we report our numerical results and demonstrate the efficiency and accuracy of the proposed numerical scheme by considering some numerical examples.
II. STATEMENT OF THE PROBLEM
The genaral form of a variational problem is finding extremum of the 
J u t u t u t G t u t u t u t u t u t u t dt
To find the extreme value of J , the boundary conditions of the admissible curves are known in the following form:
( ) , 1, 2,..., ,
The necessary condition for ( ), 1, 2,...,
is to satisfy the Euler-Lagrange equations that is obtained by applying the well known procedure in the calculus of variation [2] ,
subject to the boundary conditions given by Eqs. (2)-(3). In this paper, we consider the special form of the variational problem(1) as 
J u t u t G t u t u t u t u t dt
subject to boundary conditions , ) ( , ) (
Thus, for solving the variational problems (5), we consider the second order differential equation
with the boundary condition (6) . And also, for solving the variational problems (7), we find the solution of the system of second-order differential equations
with the boundary conditions (8)- (9) . Therefore, by applying sinc method for the Euler-Lagrange equations (10) and (11) we can obtain an approximate solution to the variational problems (5) and (7).
III. SINC-GALERKIN METHOD
In this section, we will review sinc function properties, sinc quadrature rule, and the sinc method. These are discussed thoroughly in [10] and [11] . For solving variational equation (5) and (7), these properties will be used extensively in section3.
The sinc function. The sinc function is defined on the whole real line, −∞ < z < ∞, by sin( ) , ( ) 1,
For any 0 h > , the translated sinc functions with evenly spaced nodes are given as 
The function
is an inverse mapping of
We define the range of We recall the following definitions and theorems for our purpose.
denote the family of functions F which are analytic in E D and satisfy
and on the boundary of
some positive constants 1 C and α , and let
and φ be a conformal map with constants α and 2
the exponential order of the sinc trapezoidal quadrature rule
By applying the Theorem 2, we conclude the following Corollary that is special case of (25).
, and let h be selected by (26), then
Theorem 3. Let φ be a conformal one-to-one map of the 
subject to boundary conditions
.
Considering the Eq. (31), the Euler-Lagrange equation of this problem can be written in the following form:
The solution of the second-order differential equation (33) with boundary conditions (32) is approximated by the sinc method. For our purpose, first we convert the nonhomogeneous boundary condition (32) to homogeneous boundary condition by considering the following transformation
Using the above change of variable yields the following boundary value problem 3 3 ( ) ( ) (1 ) 8 , We suppose that the boundary value problem (37) has a unique solution ( ). 
Multiplying the both side of equation (41) in h and considering the Equations (38) and (39) we obtain :
(42) Now, we apply part by part integration for the first term of Eq.(42) and then we get
(43) By using Eqs.(27) and (38) we can write
Having used the relations (28)- (30) we have
(46) From the above relations and Eq.(44) we obtain IV. CONCLUSION In this paper sinc-Galerkin method employed for finding the extremum of a functional over the specified domain. The main purpose is to find the solution of boundary value problems which arise from the variational problems. The numerical examples show that the accuracy improve with increasing the number of sinc grid points.
